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context

Motivations for contact

® Long-standing question in many contexts...
® Present industrial context

® Behavior of valve components
® Costly simulations (x 12h using ‘code_aster’)

¢ Nonlinearities, constraints

Challenge
e Expensive for parameterized studies

Goal

® Nonlinearly constrained model reduction
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Industrial context
Variational inequalities with linear constraints

Variational inequalities with linear constraints

Reduced basis procedures

[ Haasdonk, Salomon, Wohlmuth. A reduced basis method for parametrized
variational inequalities. 2012.

[\ Balajewicz, Amsallem, Farhat. Projection-based model reduction for contact
problems. 2016.

[ Fauque, Ramiére, Ryckelynck. Hybrid hyper-reduced modeling for contact
mechanics problems. 2018.

Related work

@ Burkovska, Haasdonk, Salomon, WohImuth. Reduced basis methods for pricing
options with the Black-Scholes and Heston models. 2014.
Glas, Urban. Numerical investigations of an error bound for reduced basis
approximations of noncoercice variational inequalities. 2015.

approximations for variational inequalities, 2016.

E
[ Bader, Zhang, Veroy. An empirical interpolation approach to reduced basis
[l Burkovska. PhD thesis. 2016.
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Industrial context
Variational inequalities with linear constraints

Outline

@ Elastic contact problem

® Abstract model problem

® The reduced-basis model



Elastic contact problem o o
Elastic equation

Non-interpenetration condition

Elastic contact problem

Strain tensor

Stress tensor

Ev E
O'(U) = mtr(g(v))z + me(v)
E: Young modulus v: Poisson coefficient

Parametric equilibrium condition

aivw) = |

Q)

Other nonlinearities can be handled

o) e(w) and fw) = |

Q(p)
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Elastic contact problem . .
Elastic equation

Non-interpenetration condition

Non-interpenetration condition

Initial configuration Deformed configuration

Qf\

na (p, u(p))
o, u(p))

~
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Elastic contact problem . .
Elastic equation

Non-interpenetration condition

Non-interpenetration condition

Initial configuration Deformed configuration

Qf\

na (p, u(p))
o, u(p))

~

Consider V() = HY(Q1(p)) x H(Qa())
Admissible solutions are denoted u(p) = (ui(p), u2(p)) € V(1)

For all z e
(1109() = (s () © o 1)) () 0 1 () 2) > (s w)(2) = 2) 1 () ()

= Proof: Benaceur, PhD, 2018.
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Elastic contact problem . .
Elastic equation

Non-interpenetration condition

Non-interpenetration condition

Initial configuration Deformed configuration

Qf\

na (p, u(p))
o, u(p))

~

Consider V() = HY(Q1(p)) x H(Qa(1))
Admissible solutions are denoted u(p) = (ui(p), u2(p)) € V(1)

For all z €
(13 (1) (=) — (a2 (1) © Pt (1)) (2)) - i 11, w(12)) (2) = (0 w()(2) = 2) - 710, w(10)) (2)
—k(p,u(p)iu(p)) —g(p,u(p))
= Proof: Benaceur, PhD, 2018.
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Abstract model problem
Abstract model problem Lagrangian formulation
Discrete FEM formulation

Model problem

Q(u) : bounded domain in R with a contact boundary I'§(1) < 0Q(p)
V(u) : Hilbert space on Q(u)
‘P: parameter set

For many values p € P: Find u(u) € V such that

1
u() = axgmin Sa(v,v) = (;0)
veEV (1)

k(p, u(p);u(p)) < g(p,u(p)) a.e. on I'f(u)

k(w, +;+) is semi-linear : natural for contact problems
handy for iterative solution methods
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Abstract model problem
Abstract model problem Lagrangian formulation
Discrete FEM formulation

Lagrangian formulation

We consider
® the convex cone W(u) :

= L*(T{(n), Ry)
* the Lagrangian L£(u) : V(p) x

W(i) — R defined as

L)1) = Sl v,0) = F50) + (Spe g K300 = ey 90 0)0)

Find (u(p), A(11)) € V(i) x W(p) such that

w(p), A = ar minma, L v,
(w(p), A1) g pinmax (1) (v, m)

u(p) is the primal solution, A(y) is the dual solution
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Abstract model problem
Abstract model problem Lagrangian formulation
Discrete FEM formulation

Discrete FEM formulation

® FEM space (N » 1)
Vi (p) := span{g1(n), ..., oar(p)} < V(p)

® FEM convex cone (R » 1)
Wr(p) :=span {1 (), ..., vr(p)} € W(n)
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Abstract model problem
Abstract model problem Lagrangian formulation
Discrete FEM formulation

Discrete FEM formulation

® FEM space (N » 1)
Vi (p) := span{g1(n), ..., oar(p)} < V(p)

® FEM convex cone (R » 1)
Wr(p) :=span {1 (), ..., vr(p)} € W(n)

Algebraic FEM formulation

(u(y0), A1) = arg_minmasx {v" A(w)v ~v7E()

vERN ,nERE'

+ " (K(u,v)v — g, v)) }

Ay = alyss by (), (1) wam=j (o s 3 (1)) 64 (1)

I'{(w)

Additional nonlinearity caused by spatial dicretization
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Abstract model problem
Abstract model problem Lagrangian formulation
Discrete FEM formulation

The Ka¢anov method

e [terative procedure
e Consists in solving the following problems : For all £ > 1

(u* (1), \* (1)) = arg minmax %VTA(M)V —v7Tf(p)

veRVN ,ne]RE

+ 0" (K(p, u" " (0)v — g, A (1)

e Stopping criteria

|u* (@) ="M (Wey _ e M) = AT W) ey g
< € < €
[uk =1 (1) | v : AR () [ *
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation

Basis constructions

The reduced-basis model: Reference configuration

Geometric mapping h(u) defined on a reference domain ) (with I = 2)

~

h(p) : Q@ — Q)

I
T — Z hi(p, 2)1g (2)
i=1
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation
Basis constructions

The reduced-basis model: Reference configuration

Geometric mapping h(u) defined on a reference domain ) (with I = 2)

~

h(p) : Q@ — Q)

I
T — Z hi(p, 2)1g (2)
i=1

Qi(p) = h(p) () Vie{1,2}

Ti(p) = h(p) (7)) Vie {1,2}
Reference Hilbert space Reference convex cone
V= H' (R W= L} Ry)

Parametric Hilbert space Parametric convex cone

V()= Vo h(p) ! W(p) = W o h(p) b,
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation
Basis constructions

Reduced basis spaces

Primal RB subspace Dual RB subcone
VNC%\/C)\} WRC‘\I/RCW/
‘v/stpan{él,...,tz)/N} W"nzspmu{é-mfn}
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Reference configuration
Reduced basis spaces
Reduced problem
Offline /online separation
Basis constructions

The reduced-basis model

Reduced basis spaces

Primal RB subspace Dual RB subcone
VNC%\/C)\} WRCI\I/RCW/
‘v/stpan{él,...,tz)/N} Y/vVn:Spmu{f’l--wfvn}

RB approximations

N R
(i) = Y An (1) 0 (1)~ Z ()€n 0 h(u) ™!
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation
Basis constructions

Reduced problem

~

(Gi(w), A(11)) = arg minmax {%{;TA(M){\/ —37f(p)

VeRN,eRE

+ " (R, )% — (1, 9) |

A(p) e RVN F(p) e RN K(u, ) e RN g(p,9) e R
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation
Basis constructions

Reduced problem

N
<

(a(u), 3\(#)) = arg minmax {

VeRN,eRE

A(p) e RVN F(p) e RN K(u, ) e RN g(p,9) e R
A()pn = a(pt; 0, 0 h(p1) .6, 0 h() )

R(Ma{\’)pn = J’l ) <,u Z Uza o h(p)~ 571 © /7’(/1')_l>gp ° h/(:u)_l
iln

i=1

Small (dense) matrices but require FEM reconstructions 6,,0h(u)t...etc

= Need to separate (n,p)- and u-dependencies
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation
Basis constructions

Functional separation

For the stiffness matrix, we need a decomposition of the form

(./AX(M))W = Au,n.p) = A§ ozj(,u)Ajv,zp

Jj=1

® matrices {Aj}j\f1 are precomputed offline
e coefficients {a;; (1)} are evaluated online
e straightforward for affine transformations

For the matrix K(u,\?), search for a separated approximation

ke, w(p); ) (h(p) (1)) =: K, . T) Z% mw)a; (1

8¢
N

. k . . .
The functions {y;,¢;}}L; are built offline using the EIM
[\ Barrault, Maday, Nguyen, Patera ('04)
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation

Basis constructions

Offline/Online efficient RB problem

Offline : using {g; }" iz 1, we build
* a matrix B e RM"xM"

* a family of matrices {C;}}~ ' all in REXN

Online : For each new parameter 1 € P and a vector v € RY

* compute a family of functions {(gj(/l,i\f)}jl\iki

® assemble
~ MF
K(1,9) ~ D*(1,9) = Y] C;Byii(u,9) € RN
ij=1

Similarly, we build an efficient approximation (1., v) for the gap function

Amina Benaceur A RBM for variational inequalities



Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation

Basis constructions

Offline/Online efficient RB problem

Solve

(a(p), 5\(/1)) = arg minmax {EGT?X(#)Q — \Afo(u)

VERN  7jeR T

+ 7" (D"(1, %)% = D'3(u, 9)) }

D*(1,v) e RN D7 e REMT 5(1, %) e RM'

® D"(u, V) results from the EIM on x
¢ D7 results from the EIM on ~
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation
Basis constructions

Online stage

Algorithm 1 Online stage

Input :

{fih<j<ir {Ajh<j<ue

{(nf o) h<icamr {05 h<i<arr

{z] h<i<mo, {q;'y}lsjsMg: B®, {Cjhicj<mr and DY
Assemble the vector ?(M) and the matrix A(y)
Compute K(u, V) and 4(u,v)  EIM on the contact map
Compute D*(1) using K(u,v)  EIM on the gap map
Solve the reduced saddle-point problem to obtain Gi(y) and X(u)
Output : Gi(x) and A()

bl
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation
Basis constructions

Basis constructions

Two goals
® Build Vy < Vy of dimension N « N/
= PODv

® Build V\VR c WR of dimension R « R
Requirement: Positive basis vectors
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation
Basis constructions

Basis constructions

Two goals
® Build Vy < Vy of dimension N « N/
= PODv

® Build Wy ¢ Wx of dimension R « R
Requirement: Positive basis vectors
* PODX
® NMFV : considered in Balajewicz, Amsallem, Farhat (’16)
® Angle-greedy algorithmv : introduced in Haasdonk, Salomon,
Wohlmuth ('12)
® Cone-projected greedy algorithmv/'v' : devised in this work (19')
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation

Basis constructions

Non-negative Matrix Factorization

We search for W
W = NMF(T, R)

® |nput: integer 12
e Qutput: 17 positive vectors
[ Lee, Seung('01)
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Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation
Basis constructions

Non-negative Matrix Factorization

We search for W
W = NMF(T, R)

® Input: integer R

e Qutput: 17 positive vectors
[ Lee, Seung('01)

NMF optimization problem

(W,H) = argmin |T — WH|?
WeR*F
HerF*P

Functional |T — WH]| is not convex in both variables W and H
together = only local minima

¢ Non-unique solution

Amina Benaceur A RBM for variational inequalities



Reference configuration
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation

Basis constructions

Non-negative Matrix Factorization

We search for W
W = NMF(T, R)

® |nput: integer 12
e Qutput: 17 positive vectors
[ Lee, Seung('01)

NMF optimization problem

(W,H) = argmin |T — WZZ 'H|?
WeR*?
Her*P

Functional |T — WH]| is not convex in both variables W and H
together = only local minima

® Non-unique solution
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Reference configuration
Reduced basis spaces

Reduced problem
The reduced-basis model Offline/online separation
Basis constructions

Non-negative Matrix Factorization

We search for W
W = NMF(T, R)

® Input: integer R @
e Qutput: R positive vectors
[ Lee, Seung('01)

NMF optimization problem
(W,H) = argmin |T - WZZ 'H|?
WeRR*F

1o RXP
He]R7L

Functional [T — WH]| is not convex in both variables W and H
together = only local minima

e Non-unique solution @
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Reference c
Reduced basi
Reduced problem
The reduced-basis model Offline/online separation
Basis constructions

Angle-greedy algorithm

Selection criterion

|5 (X(u; )5 VVV,,,_l)

Pn € ArgMAX e pir o (P

Dual set at iteration n

K, :=span_ {A(u1;-), . A -)}
Stopping criterion
Tn < €du

® Input: Tolerance ¢4, to reach
e Qutput: R positive vectors
e W, is a linear space
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Reference c
Reduced basi
Reduced problem
The reduced-basis model Offline/online separation
Basis constructions

Angle-greedy algorithm

Selection criterion

pin € argmax, epu [|A(k; ) =Tl (A(; ) gon )

n—1

Dual set at iteration n

[\6”, = SI);Ln+{/V\(/1,1; ) P X(/Ln; )}

Stopping criterion
Tn < €du

e Input: Tolerance ¢4, to reach
® Qutput: R positive vectors
e W, is a linear space
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Reference configurati
Reduced basis spaces
Reduced problem

The reduced-basis model /online separation
Basis constructions

Angle-greedy algorithm

Selection criterion

pin € argmax ,cpu [A(u; ) =1l

n—1

(Rt ) o e

Dual set at iteration n

[\6”, = SI);Ln+{/V\(/1,1; ) P X(/Ln; )}

Stopping criterion
Tn < €du

Input: Tolerance ¢4, to reach Q
o Output R positive vectors
e W, is a linear space )
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Reference config
Reduced basis spaces
Reduced problem

The reduced-basis model Offline/online separation
Basis constructions

Cone-projected greedy algorithm

Selection criterion

Mp; )Tz

fin € ATGMAX  cpir (A3 Dl o ey

n—1

Dual set at iteration n

[\gn = span+{f\€”_1, X(,u’n; )}

Stopping criterion
Tn < €du
— Python cvxopt library for positive projections

® Input: Tolerance ¢4, to reach Q
e Qutput: R positive vectors
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Cone-projected greedy algorithm

Algorithm 2 Cone-projected weak greedy algorithm

2N =

© ® N oo

Input : P, lv“f and €4, > 0

ComEute Sdu = {}\(u; )} pepie _
Set Koy = {0}, n =1 and r; = max,cpe | A(u; ')HED(IV‘T)
while (r,, > eq,) do . .
Search 1, € argmas,cpie [N(i-) — e, (7)o e
Set IZ',,, = spanJr{Iv(n_l, X(pn; 9}
Setn=n+1 5 5
Set ry, := max,eptr )‘(:u; ) - HR'/ . ()‘(M; ))Hef(f‘i)
end while
Set R:=n—1

Output : WR —KR

— Python cvxopt library for positive projections

Amina Benaceur A RBM for variational inequalities



Hertzs half-idsks
Ring on block
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Hertzs half-idsks

Numerical results 5
Ring on block

High-fidelity solution procedure

® Conforming FEM for displacement, dG Py for contact pressures
® Collocation at contact nodes (possible instability)

® Local Averaged Contact (LAC) : macro-elements (two consecutive
segments) (Drouet, Hild ('17))

2 s el
- Colimus1.12

= 0.9 (left) / 1.12 (right), coarse (top) / fine (bottom) meshes
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Hertzs half-idsks
Ring on block

Numerical results

Basis constructions

10?
—— NNMF
101 J —e— Cone-projected greedy
10° 107 4
g 107t 4
B
o 5 1072 4
© 102 2
S &
o
=
Y 1072
10-% 4
10~ 4
10-%
1074 4
T T T T T T T T
0 5 10 15 20 [ 5 10 15 20

rank

Primal POD basis Dual basis

Dual basis dimension R as a function of the truncation threshold eq,
€du 5-1072[102[5-103] 103
NMF R 4 10 19 20
Cone-projected greedy | R 2 5 6 13
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Hertzs half-idsks

Numerical results 5
Ring on block

Empirical interpolation

EIM error as a function of the rank M of the EIM approximation.

1004
100
1071 4
5 g
[} i
10724
1073
0 5 10 15 20 25 50 75 100 125 150 175 200
rank rank
Nonlinear gap map g(u, u(p)) Nonlinear contact map K (1, u(u))
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Hertzs half-idsks

Numerical results 5
Ring on block

Error estimation

=— NMF —— NMF
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parameter value parameter value
Error on the minimum energy ecner (1) Relative H ! error for the displacement field edispl (1)
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Hertzs half-i

Numerical results 5
Ring on blocl

Constraint violation

Maximum interpenetration

—— NMF —— NMF
0,004 { — PG 0.004 e
0003 £ 0003
s s
g g
@ @
2 2
£ 0.002 & 0.002
g g
£ £
0.001 0.001
0.000 0.000
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Parameter value Parameter value

CPG/NMF(18) CPG/NMF(5)
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Hertzs half-idsk:
Ring on block

Numerical results

Ring on block

Imposed displacement at the ring’s top ends

* Parametric ring’s radius p € P := [0.95,1.15], card(P") = 21
Non-matching meshes, A" = 2x1590 dofs, R = 50 dofs
Reference (left) and deformed (right) configuration
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Hertzs half-idsks

Numerical results Ring on block

Ring on block

Basis construction

10° 10-1
10°
1072
5 10 5
w Wi0-3
10°
102 107 > NMF
—— CPG
—i— Angle greedy (estimated error)
10! 10-5 | —& Angle greedy (real error)
0 5 10 15 20 0 5 10 15 20
rank rank
Primal basis Dual basis
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Conclusions and perspectives

Contributions
v RBM in a general setting

® varying normals
® non-matching meshes 2 Coneproieced gresdy

v/ Cone-projected greedy algorithm 207 |

® outperforms the NMF
® outperforms the angle-greedy 5

Prespectives
1073 4

7 Extensions to other types of contact

® friction o]
° mu|t|body 0 5 10 15 20
® dynamic

7 Convergence rates of the CPG

[3 A reduced basis method for parametrized variational inequalities applied to
contact mechanics. AB, V. Ehrlacher and A. Ern. IUNME, 2019.
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